In this paper, we investigate the dynamic response of a fixed-fixed beam with an internal hinge on elastic foundation, which is subjected to a moving oscillator with uncertain parameters such as random mass, stiffness, damping, velocity and acceleration. This model can be used to simulate the interaction among the train (vehicle), track and foundation, as well as simulate the bridge-vehicle interaction without considering the elastic foundation. In particular, the distributed parameter system is assumed to be a beam of Bernoulli-Euler type, and the system dynamic response is a random process despite its deterministic characteristics. By utilizing the modal analysis and Galerkin's method, we can obtain a set of approximate governing equations of motion with time-dependent random coefficients and forcing functions. The improved perturbation technique is adopted to evaluate the statistical characteristics of the deflection of the beam, and the Monte Carlo simulation is used to check the results from the improved perturbation technique. The statistical response of the structure from the proposed approach plays an important role in estimating the structural safety and reliability.
Introduction
Investigation in the physics of bridge-vehicle interaction has become quite popular and important recently. The response of structural systems subjected to moving loads depends on several parameters, such as mass, damping, stiffness, velocity, and acceleration of the moving vehicles, as well as the frequency properties of the structure. The dynamics of a distributed parameter system subjected to a moving load has been extensively studied in the past. The commonly used moving force model treats the vehicle as a force and ignores the interaction between the vehicle and the bridge. However, this model is insufficient when gravitational and inertia effects of moving loads are not negligible compared to the mass of the structure. The moving mass model, which simulates the vehicle as a mass, can overcome some inadequacies of the moving force model. This problem, as investigated by several authors (Bolotin, 1964; Stanistic, 1974 Stanistic, , 1985 Sadiku and Leipholz, 1987) , results in a set of linear ordinary differential equations with time-dependent coefficients. The moving mass model, also referred as moving oscillator model, is essential to formulate many engineering problems more realistically, such as a moving vehicle on a bridge with significant stiffness coupling. The above methods were adopted by Fryba (1996 Fryba ( , 1999 to analyze the dynamic response of railway bridges.
The stochastic analysis of a distributed parameter system under moving loads is usually performed in two ways: (a) by assuming the characteristic of the structural systems as deterministic and the intensity of the moving force as stochastic (Bolotin, 1965), or (b) by assuming the force amplitudes and the time arrivals on the system are both stochastic (Ricciardi, 1994) . In both cases, the velocity of the moving forces is considered to be constant. Using a recently proposed method by Muscolino et al. (2000) , the perturbation technique is adopted with respect to mean value in order to perform the stochastic analysis. The method considers the first-order and second-order probabilistic information of stochastic parameters to calculate the statistical solution. The proposed approach needs to transform the first-order stochastic differential equations into two sets of first-order deterministic differential equations. It can then be easily solved through a numerical procedure once the transition matrix of the system has been obtained (Muscolino et al., 2000) . Higher order moments are then calculated by means of this improved mean solution once the probabilistic characteristics of the stochastic parameters are known. The main purpose of this study is to investigate the dynamic response of a fixedfixed beam with an internal hinge on an elastic foundation, which is subjected to a moving oscillator with random parameters such as random mass, damping coefficient, stiffness, velocity, and acceleration. The reason we include an internal hinge in the beam is because we need to consider the dynamic response of the beam due to thermal effects. Eventually, we will obtain coupled differential equations with time-dependent and random parameters. The mean-value perturbation technique will be adopted to solve the coupled equations. This method was first introduced to solve static problems by Elishakoff et al. (1995) . It was later applied to bridge-vehicle interaction problems by Muscolino and Sidoti (1999) . More recently, the same approach was adopted by Muscolino et al. (2002) to perform the stochastic dynamic analysis of a distributed parameter system subjected to a moving oscillator with random properties.
Governing equation of motion
In this study, the system is a fixed-fixed beam having an internal hinge on an elastic foundation that is subjected to a moving oscillator, as shown in Fig. 1 . The system stated here is normally adopted to simulate the interaction among the train (vehicle), track, and foundation. The vehicle is modeled as a lumped mass, and the rail-wheel contact is assumed to be at one point only. The vehicle suspension system is idealized to consist of one linear spring and one viscous damper. The internal hinge of the beam on elastic foundation is subjected to an external force, providing the deformation due to shear and the rotary inertia are neglected. The governing equation of motion for this system can be written as 
where w(x, t) is the vertical displacement of the beam at position x and time t, q is the mass density per unit length of the beam, f is the viscous damping coefficient per unit length, E and I are the Young's modulus of elasticity and the area moment of inertia of the beam, respectively, and k f is the linear spring constant characterizing the foundation property. The vibration of a one-dimensional system is modeled by a uniform beam under an external force F(w, x, t) due to a traversing of vehicle moving with variable velocity, and it can be represented as
where f(w, t) is the parametric force determined by the vehicle-beam interaction under consideration, and d(x À n(t)) is the Dirac delta function adopted to fix the position, n(t), of the concentrate load along the beam in time. In general, the vehicle moves along the ground with varying velocity. Its position along the beam at any instant t may be modeled as a polynomial in t. The form adopted in this study is
where b 0 , b 1 , b 2 , and b are constants selected to fit the vehicle motion. Any other form considered appropriate to describe the vehicle motion can be used in place of Eq. (3). In addition, in Eq. (2), W(t, t f ) is a window function, which considers the time period in which the vehicle stays on the beam. We adopt a simple moving spring-mass-damper oscillator in Fig. 1 
where u(t) is the displacement of the lumped mass, m, k, and c are the mass, stiffness, and damping coefficients of the general moving oscillator, respectively. Based on the proposed model of the vehicle, the vehicle-structure interaction force f(w, t) can be obtained as follows:
where f 1 (w, t) is a force depending on the beam-vehicle's relative displacement, and f 2 is the weight of the vehicle.
Free vibration analysis
Free vibration analysis was studied before performing forced vibration analysis. For free vibration, the right side of Eq. (1) and the damping ratio 1 are set to zero. For free vibration, the following solutions are assumed:
/ 2 ðxÞ expðixtÞ a 6 x < l;
Substituting Eqs. (6) and (7) into Eq. (1) gives
The general solution of Eqs. (8) and (9) can be written as
where
. The boundary conditions for the fixed-fixed beam at x 1 = 0, x 1 = a, x 2 = 0, and (10) and (11) yields eight simultaneous equations which constitute a system of homogeneous equations with eight unknowns: A 1 , B 1 , C 1 , D 1 , A 2 , B 2 , C 2 , and D 2 . For nontrivial solutions, the determinant of the coefficient of these equations, which is the characteristic equation, must be equal to zero for each eigenvalue k i . The characteristic equation can be expressed as ðÀ2Þð1 þ cosh ka cos kaÞ½sinh kðl À aÞ cos kðl À aÞ À cosh kðl À aÞ sin kðl À aÞ þ ðcosh ka sin ka À sin ka À sinh ka cos kaÞ½1 þ cosh kðl À aÞ cos kðl À aÞ ¼ 0.
The corresponding mode shapes / i (x) of the structure are readily determined from Eqs. (10) and (11). In addition, we can get the following orthogonal condition for different eigenfunctions (mode shapes):
where l i is the generalized mass in the ith mode and d ij is the Kronecker delta function.
Forced vibration analysis
Now expanding w(x, t) into the eigenfunctions gives
where q i (t) is the generalized time-dependent coordinate for the ith mode. By considering only the first n eigenfunctions of Eq. (14) and using the orthogonal condition of Eq. (13), we can derive the following set of n linear ordinary differential equations with time-dependent coefficients:
In Eq. (15), X 2 1 ðtÞ and H 1 (t) represent square matrices of order whose elements are given by the following relationships:
/ j ðnðtÞÞ i; j ¼ 1; 2; 3; . . . ; n;
while the vector N 0 (t) and N 1 (t) of order n · 1, which take account for structure-vehicle interaction, can be written as
. . . ; n;
Once again, when considering only the n eigenfunctions, the following set of n linear ordinary differential equation is obtained:
where the ith element of vectors M 0 (t) and M 1 (t), both of order n · 1, can be written in the following form:
In order to evaluate the beam response, it is necessary to simultaneously solve Eq. (15) with the coupled equation (21). The coupled differential equations (15) and (21) are solved by assuming the mass, stiffness, damping coefficients, velocity, and acceleration of the moving oscillator to be stochastic variables as similarly described in the probabilistic modeling of structures by Elishakoff et al. (1994) .
Stochastic analysis
In the following analysis, the moving mass m, damping coefficient c, stiffness k, initial velocity v, and its acceleration a are assumed to be random variables, and their mean values are denoted by
, and E[a], respectively. The fluctuation of the ith (i = 1,2,. . . , 5) uncertain parameter with respect to its mean value is denoted by a i . Under the assumption that ja i j ( 1, the random variables can be written as follows:
The uncertain parameter a i in the vector a are uncorrelated random variables with zero mean value, namely, Eba i a j c = 0, i 5 j. Note that the fourth equation in (24) is assumed effective only in the case of uniform motion (a = 0). It follows that a 4 and a 5 should not be used in the same calculation. In addition, it is assumed that the moments with order greater than two of the random variables can be ignored. Using Eq. (24) and introducing the vector of uncertain parameters, a, the coupled system of Eqs. (15) and (21) 
Improved perturbation technique
The improved perturbation technique is adopted to solve Eqs. (25) and (26) simultaneously. This method was originally proposed by Elishakoff et al. (1995) to solve static problems as an improved approach to the traditional stochastic finite element method (Kleiber and Hein (1992) dynamic analysis of linear systems with random coefficients by Muscolino et al. (2000) , and to investigate bridge-vehicle interaction under random moving mass by Muscolino and Sidoti (1999) . The basic concept of the improved perturbation technique uses the Taylor series expansion of the uncertain parameters and ignores third and higher order terms. In addition, the state-space vector is used to write the second-order differential equations into a set of first-order differential equations. Consequently, it transforms the second-order stochastic differential equation into a set of first-order deterministic differential equations. Based on the statespace vector technique, Eqs. (25) and (26) can be rewritten as _ zða; tÞ ¼ Aða; tÞzða; tÞ þ Bgða; tÞ.
The matrix and vectors involving the random vector a can be rewritten in the following forms:
where the over bar denotes the mean value of the variable, and the symbols with the index i represents the deviation from the mean value. Substituting Eqs. 
The solution of these coupled Eqs. (31) and (32) can be calculated by adopting the numerical procedure proposed in Muscolino (1996) . Once these equations are solved, the stochastic response of the system can be easily computed as stated by Muscolino et al. (2002 
where r(x, t) is the standard deviation of the midpoint deflection of the beam when the vehicle is located at the midpoint, and k 4 (x, t) denotes the fourth cumulant of the midpoint deflection of the beam when the vehicle is acting on the midpoint of the beam.
Numerical examples
The governing equations and solutions for the structure system in question have been analyzed in the previous sections; in this section, the proposed method is used in an example to demonstrate its validity. The material properties of the system are as follows: span length L = 60 m, a = L/2, mass density q = 3500 kg/m, damping coefficient c = 0.2q s À1 , and constant flexural rigidity EI = 5.42 · 10 10 N m 2 . The spring constant of the foundation is assumed to be zero for simplicity unless it is specified otherwise. The mean values of We first perform the analysis for an undamped, vibration-free beam with an internal hinge, driven by the moving oscillator. The first five natural frequencies are presented in Table 1 , and the first five mode shapes are shown in Fig. 2 . As shown in Table 1 , the numerical results of the natural frequencies based on the present study are in good agreement with those shown in Table 1 from the present study also match those presented in Fig. 3 of the same reference. In addition, the natural frequencies of the beam for different k f are presented in Table 2 ; it can be found that the larger k f produces larger natural frequency that is quite reasonable. plotted in Fig. 3 . Note that the results from the perturbation method and the Monte Carlo simulation are in excellent agreement. In Fig. 3(a) , (d), and (e), the coefficient of variation of midpoint deflection increases nonlinearly with respect to the magnitude of the fluctuation of the random mass, initial velocity, and acceleration. On the other hand, it is interesting that the random damping and random stiffness have almost constant impact on the coefficient of variation of midpoint deflection, even though the magnitude of the fluctuation of the random damping and stiffness increases, as presented in Fig. 3(b) and (c) . In Fig. 4 , the coefficients of excess (c.e.) of midpoint deflection versus different values of a i are presented based on the proposed method. Once again, the perturbation method and Monte Carlo simulation show excellent agreement. Furthermore, the random damping and random stiffness have almost the same influence on the coefficient of excess of midpoint deflection, despite the varying magnitude of the fluctuation of the random damping and stiffness as presented in Fig. 4(b) and (c). As for Fig. 4(a), (d) , and (e), the coefficient of excess of midpoint deflection fluctuates irregularly in a small range with respect to the magnitude of the fluctuation of the random mass, initial velocity, and acceleration. In Figs. 5 and 6 , the values of a i have been fixed to 0.3 for all the uncertainties except the one we are dealing with. As it can be found from Figs. 5 and 6, the coefficient of variation (c.o.v.) and coefficient of excess (c.e.) of midpoint deflection are larger than those in Figs. 3 and 4 that is indeed predictable, since the values of a i have been changed from 0.2 to 0.3. Finally, the linear spring constant k f is included in the structure system to investigate the effect of the foundation on the whole system. In the numerical computations, k f is assumed as 20 kN/m 2 to characterize the common foundation property. As it can be seen from Figs. 7 and 8, the coefficient of variation (c.o.v.) and coefficient of excess (c.e.) of midpoint deflection are slightly larger than those in Figs. 3 and 4 that is pretty interesting, however, it is somewhat inappropriate to jump into conclusion that the above phenomena is always valid in general since it should be dependent on the values of k f .
Conclusion
In this paper, we investigate the dynamic response of a fixed-fixed beam with an internal hinge on elastic foundation subjected to a moving oscillator with various uncertain parameters. This model can be used to simulate the interaction among the train (vehicle), track, and foundation. It can also simulate the bridge-vehicle interaction without considering the elastic foundation. In particular, the distributed parameter system is assumed to be a beam with Bernoulli-Euler type, and the system dynamic response is a random process despite its deterministic characteristics. By utilizing the modal analysis and the Galerkin's method, we can obtain a set of approximate governing equations of motion with time-dependent random coefficients and forcing functions. The improved perturbation technique is adopted to evaluate the statistical characteristics of the deflection of the beam, and the Monte Carlo simulation is used to verify the results from the improved perturbation technique. It can be concluded from the present study that the stochastic dynamic responses based on the proposed method are in good agreement with those from the Monte Carlo simulation. These dynamic statistical responses of the structure play an important role in performing the analysis of structural safety and reliability.
